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OPERATOR THEORETICAL REALIZATION
OF SOME GEOMETRIC NOTIONS

LIN QING

ABSTRACT. This paper studies the realization of certain geometric construc-
tions in Cowen-Douglas operator class. Through this realization, some oper-
ator theoretical phenomena are easily seen from the corresponding geometric
phenomena. In particular, we use this technique to solve the first-order equiv-
alence problem and introduce a new operation among certain operators.

The nature of Cowen-Douglas theory is to identify operators of a certain type
with certain geometric objects.

Based on this idea, we work on certain geometric constructions, holomorphic
curves in Gr(n,C?") (the Grassmannian of n-dim subspaces of C?") in Part 1
and tensor product of vector bundles in Part 2, and seek their operator theoretical
realization.

Our realization of holomorphic curves in Gr(n, C?") will preserve important
relations, and can be informally viewed as the imbedding of holomorphic curves in
Gr(n, C?") into the Cowen-Douglas operator class B, ((2). Using this realization,
we solve the first-order equivalence problem by explicitly exhibiting two operators
T1,T2 € B,(D) such that T is not unitarily equivalent to 7> but T3 and T, have
identical curvatures.

The realization of tensor product of vector bundles gives a natural operation
among Cowen-Douglas operators. Using this operation, certain operator theoretical
phenomena have been clarified naturally. E.g., for certain g € H*, the correspond-
ing Bergman operator B is the “square” of the corresponding Toeplitz operator
T;.

gThis paper is part of the author’s Ph.D. dissertation. I dedicate this paper to
my thesis advisor Michael J. Cowen.

Also, I would like to thank L. A. Coburn, R. E. Curto and W. L. Paschke for
the various help I received during the preparation of this paper.

PART 1. OPERATOR THEORETICAL REALIZATION
OF HOLOMORPHIC CURVES IN Gr(n,C?")

1.1. Introduction. We will state only the main point of Cowen-Douglas theory
here, and refer the reader to [C-D, 1] for further details.
If H is a separable Hilbert space, and () is an open connected subset of C, then
the operator class By, ({) is by definition
{TeL(H): 1. range(T —w)=H, if we Q;
2. dimker(T —w) =n, if we;
3. Vyeqker(T —w) = H (spanning property)}.
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We call the operators in B, (£2) Cowen-Douglas operators.
The fundamental relation between T € B,()) and the associated n-dim holo-
morphic Hermitian vector bundle over ) defined by

Er: ker(T — w)

1

w
is the following identification:

THEOREM A [C-D,1]. Two operators T and T in Bn(Q) are unitarily equiv-
alent < Er and E; are equivalent as holomorphic Hermitian vector bundles. We
write Er = E5.

On the other hand, the Calabi Rigidity Theorem gives a perfect identification of a
holomorphic curve (with spanning property)! v: Q — Gr(n, C?") with its pull-back
of the universal subbundle (i.e. v*(S(n,C?"))).

Our philosophy is they are related through their identified vector bundles.

DEFINITION 1.1.1. Let F = (f;;):; be a n x n matrix with H° entries and let
g € H°; we define the operator S(g, F') by

def /ron
S(g. F) = ( 001, ® Tge1,)|Graph(T;)

where T} and T are matrix Toeplitz operators acting on row vectors in H 2@C".

It turns out that S(g, F) is the right operator realization of the holomorphic
curve, span(k): D — Gr(n,C?"), where D is the open unit disk.

The geometric nature of S(g, F) will be discussed in §1.2 and its operator theo-
retical nature will be discussed in §1.4.

(In this paper, the geometric part of a Cowen-Douglas operator or of a holomor-
phic curve means the geometric part of its corresponding vector bundle.)

1.2. Geometric aspects of this realization. In this section, we will show
that for certain ¢ € H, the associated operator S(g, F) belongs to B,({1), and
that through this realization, i.e. from the pull-back of the universal subbundle
by span(L): D — Gr(n, C2") to Eg(g,F), the important geometric relations are
preserved.

In order to do this, we need to recall the definitions of some geometric invariants.

Let E, E denote two n-dim Hermitian holomorphic vector bundles over an
open connected set {1 C C. Let Dg denote the canonical connection of £ and
D% = Kpgdzdz be its curvature tensor. We sometimes write Kg as K when no
confusion arises.

It is well known that K is a C* selfadjoint bundle map of F to E.

DEFINITION 1.2.1. If ¢: E — E is a C* bundle map, then define ¢, and ¢; by

[Dg,¢]| = D¢ — ¢DE = ¢.dz + ¢; dZ;

[Dg, ¢] is a C* bundle map of E to E® £'(12), where £'(Q2) denotes the set of C'*°
1-forms over 2.

1A holomorphic curve 5 in Gr(n,C2?") has the spanning property if ) sen(2) = C2", In
this paper, we only consider holomorphic curves with this propety.
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Here ¢,, ¢5 are clearly bundle maps of E — F; they are called the first covariant
derivatives for ¢.

Taking the first covariant derivatives of ¢,, ¢z and taking covariant derivatives
of their covariant derivatives, etc., we get higher order covariant derivatives of ¢.

For details see [C-D, 2].

REMARK. Relative to any C® frame S of E, write I'(S)dz + ['(S) dz for the
connection 1-form matrix of Dg and ¢(.S) for the matrix representation of ¢ relative
to S. Then

(S) =[(S),8(S)] + 04(S)/0z, :(S) = [T(S), (S)] + 3¢(S)/0z.

The covariant derivatives of the curvature bundle map Kg give the important
geometric invariants of E. 5

DEFINITION 1.2.2. Let E, E be n-dim Hermitian holomorphic vector bundles
and let k£ be a positive integer. We say E is equivalent to order k with E, if for
each z € (1, there is an isometry ¢,: £, — E, such that ¢, o X = X © ¢, where x
is a covariant derivative of K with total order < k, but bi-order (p,q) # (0,%) or
(k,0), and X is the corresponding covariant derivative for K. (We shall say x has
total order < k and satisfies the bi-order condition.)

For example, E is equivalent to order 1 with E < for each 2z € (1, there is an
isometry ¢,: E, — E such that ¢,0 K = Ko ¢,. (We say E and E have identical
curvatures.)

THEOREM B [C-D,2|. If dmE = dimE = n, then E = E & E and E are
equivalent to order n.

We list two simple facts related to Definition 1.2.2:

(DI, N CC,g: Q— Qis an analytic function, then E; and E, are equivalent
to order k, so are g*(E,) and g*(E;).

(2) If E; and El, E, and E, are both equivalent to order k respectively, so are
E, ® E; and E1 ®E2

For an explanation of this, see [L].

If T, and T are in B,(f2), the relation of Er, and Er, being equivalent to order
k is directly reflected in the relation of T} and T5.

THEOREM C [C-D,1]. If T\,T; € B,(Q), then Er, and Er, are equivalent
to order k < Ti|xer(1,—w)*+! and T2|xer(T,—w)k+1 are unitarily equivalent for each
w € (.

In this situation, we will say T; and T3 are equivalent to order k.

NOTATION. We will use (2 to denote the conjugate of a subset (2 of C and bd(D)
to denote the boundary of D.

The following lemma is a characterization of T; € B1(Q) for g € H*.

LEMMA 1.2.1. Ifg € H®, Q) connected open in C, then Ty € B1(Q?) ¢ the
map g: g~ 1(Q) — Q is onto and is a conformal equivalence.

PROOF. Recall
(%) (T; — g(2)k. =0,
where z € D and k,(¢) =1/(1 — 2¢) for ¢ € D.
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“ = " The mapping g: ¢~ !(Q?) — Q has to be injective, because z; # 2o in D
implies k., and k,, are linearly independent.

The fact that g = g7 1(Q) — Q is surjective follows from:

(1) Q C o(T;) = o(Ty) = clos(g(D));

(2) QN 0e(T,) = AN o, (Ty;) is empty;

(3) 0¢(Ty) D bd(g(D)). (See [D].)

“<«"” Step 1. Fix any w = g(20) € (1, then g(z) — w = (2 — zp)h(2).

We claim h is invertible in H°.

It is trivial to see h € H* and h is nowhere zero in D.

The invertibility of A in H* follows from observing that for any 2, € D,
with g(2,) — w (assume g(z,) € 1), we have g~1(g(2n)) = 2n — 20 (because
g: g~1(Q) — Q is a conformal equivalence).

Step 2. Let w = g(2p) € §) as above. Notice that ker(T, — w) = 0.

We claim range(T, — w) = {f € H?: f(20) = 0}.

This follows from two facts:

(1) [(Ty — w)(N)](2) = (9(2) — w) f(2) = (2 — 20)h(2) f (2);

(2) if f(2) = (2 — 20)l(2) with [ € H?, then

f(2) = [(z = 20)h(2)](I(2)/ h(2)) = [(T; — w)(I/R))(2).
Thus f—(f(20)/kz,(20))kz, € range(T, —w). Thus Ty — w has closed range and
using formula (%), we have
span(ksz,) @ range(T, — w) = H>.

So dim(ker(T, —w)) = dim[coker(T,; —w)] = 1, and T; —  is Fredholm of index
1.

This shows T, € B;(f)). O

From now on, Er will denote the holomorphic Hermitian vector bundle

span (F{Z)) s
l

r4

where F = (fi;)i; is an n X n matrix of analytic functions on 2 C C; (F(Iz)) is
always viewed as a collection of column vectors in C2".

THEOREM 1.2.2. If g€ H*® and T; € B:(1), then S(g,F) € Bn((1) for any
F = {fi;}i; with each f;; € H*. Moreover

1. Es(gr) = Er; ® E7, where 7(z) = F(g~1(2));

2. Er and Eg are equivalent to order k < S(g,F) and S(g,G) are equivalent
to order k (where G has entries in H*).

PROOF. It is trivial to see that S(g,F) € Bp(f2), since B,(Q) is closed under
similarity and S(g,F) ~ T,g;, (by the graph mapping z — (z,Tpz)). We go
directly to 1 and 2.
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1. Observe that kg-—l(_zj is a holomorphic frame of Er;: (kw(¢) = 1/(1 — sw)),
that (W@ I,)® 7(2’)(’(;;__1(?)@]") is a holomorphic frame of Eg(g ry, and that
( ;(’z)) is a holomorphic frame of E7. Therefore

is the desired holomorphic isometric bundle map. (In the expression above, both
sides are thought of as collections of n-vectors.)

2. Using the fact (2) following Definition 1.2.2, we see E'7 is equivalent to order k
with Eg & Eg(, r) and Eg(y ) are equivalent to order k, where G(2) = G(g~1(2)).

Once we prove “Efr and Eg are equivalent to order k < Ez and Eg are equiv-
alent to order k for g(z) = z,” then the rest follows directly from fact (1).

NOTE. Over the holomorphic frame ( F(I z)), the connection 1-form matrix of Eg
is {(I+F*(2)F(2))"YF*(2)F'(2)} dz and so the matrix of its curvature bundle map
K Er is

~(I+F*(2)F(2))"'(F'(2))"(I + F(2)F*(2))"'F'(2) (see [C-D, 1)).

So by the remark following Definition 1.2.1, over the holomorphic frame ( F(I z)) the
matrix representations of the covariant derivatives of Kg, on Ef are all noncom-
mutative polynomials in F(*)(z), F(0)(z2) and (I+F*(2)F(2))~Y, (I+F(2)F*(2))~?,
1,7 > 0. Also such polynomials are canonical in the sense that they are independent
of the choice of F. So for a covariant derivative of Er, the conjugate of its matrix
(relative to the frame (%)) at Z is exactly the corresponding one for E7 (relative to
the frame (%)) at 2.

From Definition 1.2.2, the rest of the proof is quite straightforward. O

Notice that Ep is the pull-back of the universal bundle under the holomorphic
mapping z — span ( F(’z)) € Gr(n,C?"); in view of the Calabi Rigidity Theorem,
Theorem 1.2.2 above says the geometry of these realization operators mirrors the
geometry of holomorphic curves in Gr(n, C?").

COROLLARY 1.2.3. If there is a 29 in D (unit disk) with F(29) = G(z20) =0,
then S(g,F) = S(g9,G) & there are constant unitary matrices V, W such that
VF(z)W =G(z) on D.

PROOF. From Theorems A, B and 1.2.2, this corollary really says that Ep =
E¢ < 3 constant unitary matrices V', W such that VF(2)W = G(z).
By the Calabi Rigidity Theorem, Er = Eg < 3 constant 2n X 2n unitary matrix

_ (Ui U,
u_<% W)’
where each U; is an n X n matrix, such that

(g; gj) (F{z)) = (sz)) A(z),

where A(z) is an n X n invertible matrix for each 2z € D.
“ =" We have the identity

(1,0)U*u ( F{z)) = A*(20)(1,0) ( G{z)) A(2),
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if z € D which implies I = A*(z0)A(z) and therefore A(z) = A(2p) is unitary.

But U; + U3F(2) = A(z¢) and F(zp9) = 0 implies A(z9) = U; is unitary, hence
U; = Uz = 0 and Uy is unitary.

So UsF(z) = G(2)U; in D.

“er (W 3)(1«*([;)) = (G(Iz))W* on D gives Er = Eg. 0O

1.3. The first-order equivalence problem. We seek two operators T7,T; €
B, (1) such that Ty % T, but Ti|ker(7; —w)2 = T2|xer(1,—w)? for each w € ().

Using Theorem C and Theorem 1.2.2, this problem is reduced to a geometric
problem on Gr(n, C?"), namely “Find two holomorphic curves f;, f; in Gr(n, C?")
such that f}(S(n,C%")) and f3(S(n,C?")) have the same curvature, but are in-
equivalent.” Recall first that the Calabi Rigidity Theorem says f;(S(n,C?*")) =
f3(S(n,C?")) & f, and f, are identical up to a unitary action of C2".

Second, fix an orthonormal basis of C?", say ey, ...,ez,; then ((e1,..., €)X,
(é1,...,€2,)Y) — YTX is a nondegenerated bilinear form. It is not hard to see
that it induces an automorphism of Gr(n, C?"). Call this kind of automorphism a
correlation of Gr(n,C2?").

Recall the Pliicker imbedding of Gr(n,C?*) — P(A" C?") is the mapping
span{Zy,...,Zn} —span(Zy A Za A\ --- A\ Zy).

If P(A™ C?") carries the Fubini-Study metric, then the canonical Kahler struc-
ture of Gr(n, C?") is induced by this holomorphic imbedding. (See [Chern].)

With this metric on Gr(n,C?"), every correlation of Gr(n, C?") is an isometry
and is in fact the unique nontrivial isometric automorphism of Gr(n, C?") up to
the action of U(2n) on Gr(n,C?"). (See [Chow]|, [Cowen].)

Fix a correlation composed with a unitary (_?, (I,) action:

o ()= (5= (1) (4 D)

where F is an n X n matrix, I is the identity n x n matrix and FT is the trans-
pose of F. We shall show that for any holomorphic curve f: Q@ — Gr(n,C2"),
f*(S(n,C?™)) and (¢ o f)*(S(n,C?")) have the same curvature, but there is an f
such that we cannot get ¢ o f by any unitary action on f.

LEMMA 1.3.1. The vector bundles E;, E; are equivalent to order one < for
any C® frame Sj on E; (7 =1,2), K1(Sy) 1s similar to K2(S2) pointwise.

PROOF. Notice that the matrix representation of curvature changes by similarity
under change of frame and the curvature of the canonical connection is selfadjoint.

So E; is equivalent to order one with F; < the eigenvalues of K; and K, are
the same. O _ .

In the following two lemmas, we write F = (fi;)ij, F = (fij)i,5, where all fi;,
fij are analytic functions on (2 C C.

LEMMA 1.3.2. EfF and Epr are equivalent to order one.

PROOF. Over the holomorphic frame [ F(I Z)], K g has matrix

(%) —(I+F*F)"Y(F')*(I + FF*)"'F'".
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Using the elementary fact if A, B are invertible matrices, then AB ~ BA and
A ~ AT it is obvious that (x) is similar to
—{F'(I+ F*F)"Y(F')*(I1+ FF*)}T
= (I + (FT) FY)(FTY] (1 + FT(FT)) " (FTY. @

LEMMA 1.3.3. Fiz z9 € Q) and suppose that F(zy) = f‘(zo) =0, and
A1
F'(20) = F'(20) = ( ) with |Xi| # |A;] (5 © # 7).
An

Then Er = Eg implies |fi;(2)| = | fij(2)| for all 4,5 and z € Q.
PROOF. By Corollary 1.2.3,

Er = E; < 3 constant unitary n X n matrices
V, W such that VF(z)W = F(2) on Q
= VF'(20)W = F'(20)

[As]?
. [A2|?
=>W . w
[An|?
|A1]?
3 |A2]?
|An|?
|A1]?
A2|? .
=V 14
[An|?

= W, V are both diagonal. O

COROLLARY 1.3.4. Take any F = (fij)i,; with
1. fi; € H* and f;;(0) =0 for alli,j;
2.

A1
F'(z) = ( ) ) [Adl # 1A5l, if ¢ # 55
An

3. |fis| # | fjil for some 1, 5.
Then Ep % Epr.

We can now summarize the solution of the first-order equivalence problem as
follows.
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THEOREM 1.3.5. Ifn > 1, and F is as in Corollary 1.3.4, then S(z,F),
S(z,FT) € B,(D), S(2,F) and S(z,FT) are equivalent to order one, but they are
not unitarily equivalent.

1.4. The operator theoretical aspect of this realization. We begin with
a powerful theorem of Brown-Douglas-Filmore [BDF].

THEOREM D [BDF]. Tuwo essentially normal operators Ty and T, are unitarily
equivalent modulo compact operators < 0.(T1) = 0.(T2) = X and ind(T; — A) =
ind(T; — A) whenever A € C — X.

Notice that similarity of the operators T} and T, already implies the conditions
on the right of Theorem D.

LEMMA 1.4.1. IfT, S are two bounded linear operators on H such that T s
essentially normal and [T, S] = 0, then

1. Graph(S) is invariant under T® T

2. T ® T|Grapn(s) = Ts s unitarily equivalent to a compact perturbation of T.

PROOF. 1 is trivial. For 2, note Ts ~ T via the map ¢: z — (z, Sz). In view of
[BDF], it suffices to show (T, T;] is compact.
Let P be the orthogonal projection of H & H onto Graph(S), then if z € H,

Ty (¢(z)) = P(T*z®T*Sz) = ¢(T°z) + P(0® [T*, S]z).

Define K : Graph(S) — Graph(S) by K(¢(z)) = P(0&® [T*, S]z).
Note that by Fuglede’s theorem in the Calkin algebra (i.e., ts = st, t*t = tt*“ =
t*s = st*) [T*, S] is compact, thus K is a compact operator. Then

T3 (¢(z)) = (T z) + K(o(2)),
and
Ts o T;(¢(z)) = (T 0o T*z) + T; 0 K(¢(2)),
Tg o Ts(¢(2)) = T3 (8(T'z)) = (T 0 Tz) + K 0 T (o(2)).
Thus [Ts,T:] = ¢o ([T, T*]) o ¢~ + [Ts, K]. O

THEOREM 1.4.2. If g€ H® NQC, then S(g,F) = (Tyg,, + K) ~ Tyer.,
where K i3 a compact operator

QC = (H> + C(S")) N (H*® + C(S")).

PROOF. Since g is quasi-continuous, Tyg; is essentially normal (see [D]); the
lemma above can then be applied. O

We know very little about the compact operator K in Theorem 1.4.2. One
situation in which we do have some information is that of the following theorem,
here stated without proof.

THEOREM 1.4.3. If0< |a| <1, then S(z,(z —a)/(1 — za)) = U] + K, where
U, 1s the unilateral shift on the orthonormal basis {€,}52, and K(e;) =0, 5 > 2,
K(eo) = aeg, K(e1) = beg with 2|1 + b|2 + |a|? = 1.
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PART 2. OPERATOR THEORETICAL REALIZATION OF TENSOR PRODUCT
OF VECTOR BUNDLES

We will use the definitions and notations introduced in Part 1. Besides, we shall
use o = (a(1),a(?, ... a(™) to denote an ordered n-tuple of vectors in the Hilbert
space H (ie. o) € H), and define o*8 = ((8U),a())), ;, the n x n Gramian
matrix of a and f, and ||a]|? ¥ tr(a*a) = X7, ||a®||2. We shall say o L 8, if
a*f=0.

Moreover, let o; = (agl), a§~2), ey a;.")) be a sequence of ordered n-tuple vectors,
J=1,2,.... Weshall say {a;}?2, is a linearly independent set, if {a;k): 1<k<
n, 7 =1,2,...} is a linearly independent set in H. We write

span{a;}72, def span{agk): 1<k<n,j=12,...}.
Notice that if 7, is an ordered m-tuple vector and ~; is an ordered n-tuple vector,
then v; ® v2 is an ordered mn-tuple vector.

2.1. The operator realization of tensor product of vector bundles.
Theorem A in Part 1 says, for T € B,(Q), T and Er are identified. Now, it is
natural to ask: if Ty € B,,(2) and T, € B,(f2), is ET, ® ET, identified with some
operator in By,,(£2)?

The answer is affirmative, and hence we get a natural operation: B, () x
Bn(Q)) = Bpn(Q)). We shall call this operation the “geometric tensor product.”

DEFINITION 2.1.1. Let T} € Bn(Q), T2 € Bn(Q2), where T; is defined on H;
(separable Hilbert space), j = 1,2. We define the subspace H(T}) * H(T2) of
H 1® H2 by

H(T\)+«H(T,) = spagx[ker(Tl — 2) @ ker(T — 2)]
z€
and the operator T} * T3 by

def
T+ T2 S (Ty ® I)|a(1y)eH(T2)-

Observe that H(T;) * H(T3) is a common invariant subspace of T; ® I and I ® Ts.
Thus T * T is well defined. Moreover (Ty ® I)| g (1,)er(12) = (I @ T2)| 1 (1)) e H (T2)
and ||Ty * T2|| < min(|[Ty]], ||Tz]]).

LEMMA 2.1.1. Let W be any open subset of ), then
H(Ty) * H(T;) = span[ker(T; — z) @ ker(T> — z)],
zeEW

where Ty, Ty are as in Definition 2.1.1.

PROOF. Let ~; be a global holomorphic frame of Er, (cf. [G]), j = 1,2. By
Definition 2.1.1,
H(Ty) * H(T2) = span{~1(2) ® 72(2): 2z € Q}.

Also,

s;é%‘r,l[ker(Tl — z) @ ker(Tz — z)] = span{v;(2) ® 72(2): 2 € W}.

The lemma then follows from the application of the Identity Theorem in complex
analysis. O




362 LIN QING

THEOREM 2.1.2. Let Ty € B, () and Tz € B,(QY), then Ty * Ty € Bpn(Q)
and ET.*TQ =FEr, ® Er,.

PROOF. Step 1. We claim that for each 2 € (),
ker(Ty * Ty — z) = ker(T} — z) ® ker(T — 2).

Fix z € ), since (T1*T2)—2 = [(T1—2)®I]| 5 (1)« H (T3) clearly ker[(Ty+T3)—2] D
ker(Ty — z) ® ker(T; — 2).
Conversely, for any z € H; ® Hs write £ = 1, + 22 + y, where

z; € ker(Ty — 2) @ ker(T — 2), zq € ker(Ty — 2) @ [ker(T; — z)]"‘,
y € [ker(Ty — 2)]* ® H,.

Notice that since (T} —2)® I and I ® (T — 2) are both onto, as linear mappings
[(T1 = 2) ® I|[ker (T, —2)| L @ H2 and I® (T2 — )]|H1®[ker (Tz—z)]+ are both invertible.

Now, if z € ker(Ty * Ty — z), then [(Ty — 2) ® Ily = [(Ty * T2) — 2]z = 0,
so y = 0; moreover [I ® Tz—z].'lz = [(Ty * T3) — 2]z = 0, so zo = 0. Thus
z =z € ker(T) — 2) @ ker(T: — z).

Step 2. We claim Ty *T, — 2 is onto for each z € (2. (Notice that T *T; € By, (Q)
will then follow from Step 1 and Step 2.)

Since Ty * Ty — z = (T} — 2) * (T2 — 2) (by Definition 2.1.1), it will be enough if
we assume 0 € () and get a right inverse of T} * T5.

Let S; = T;(T;T;)", j = 1,2. It is easy to see (1) T;S; = id for j = 1,2;
(2) if e, is an orthonormal basis of ker T; (j = 1,2), then (1 — 25;)~e; is a local
holomorphic frame of Er; near 0 ( = 1,2) and e; L Sfe; for all k > 1.

Let [|z| < r] C Q such that the two series 3.2 2*(SFe;), j = 1,2, both converge
in this disk. Then by Lemma 2.1.1,

span { [i zk(Slkel)] ® [{Z 2F(Skey)
k=0 k=0

o<|z|<r

} = H(Ty) * H(T3).

If P is the orthogonal projection of H; onto ker T}, then the following computa-
tion shows H(T;) * H(T>) is invariant under (S; ® I) + (P ® S2):

(S1®1)+ (P®Sy)) { (Z 2k Sk e,) ® (i zks§e2> }
— [i S k+lel Zz"S2 € szsk+1 :|
k=0 k=0
([ raefe Sl otfoe B
P

{ |:Z szI e1|l ® kz_;)zksffeg } - ;[61 ® e2],

+e®

1
z

Nl'—‘

forall 0 < |2| <.
Now, it becomes clear that (S; ® I) + (P ® Ss) is a right inverse of T} * T5.
Finally, Ty T is identified with Er, ® ET,, i.e. E1«1, = E1, ® E7, is a trivial
consequence of Step 1. O
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2.2. Partial transformation induced by geometric tensor product. Fix
S € B1(Q;) and consider the transformation

T—-SxT

(Bn(Q2) to B,(£2:NQ2)). We shall prove that if S is almost the backward unilateral
shift then S*T ~ S ® idc-.

The philosophy of this proof is that “we can read T € B,({2) in a different way
by reading Er in a different way.”

DEFINITION 2.2.1. Let T € B,(f), where (1 is a component of C — 0.(T). A
holomorphic frame « of Ez (defined near 2o € 2) will be said to be normalized at
2o if ¥*(20)7(2) = I, wherever ~ is defined.

Notice that if ~ is as in the definition above, then v(zp) L (9¥~/02*)(zo) for all
k>1.

DEFINITION 2.2.2. If T € B,(f2) and Q is a component of C — o.(T'), then for
each 2 € 1, we define the number R(T, zy) by

max{r < d(29,0¢(T)): for each |z — 29| < r, there is no nontrivial
subspace of ker(T — z) perpendicular to ker(T — zp)}.

(Notice: there is no nontrivial subspace of ker(T — z) perpendicular to ker(T — zp)
<« for any basis ~, of ker(T'—z) and basis 7, of ker(T'—2), we have det[v; v.] #0.)

It is easy to see that R(T),zp) is invariant under unitary equivalence of T and
R(T, z9) > 0 always.

LEMMA 2.2.1. LetT € B,(f) and assume Q) is a component of C—o.(T). Fiz
20 € Q. Then there is a holomorphic frame defined on the entire disk {z: |z — 2| <
R(T, z0)} which is normalized at zg.

PROOF. Let 4 be a global holomorphic frame of Er on (; then

1(2) = 3(2)[7* (20)3(2)] "1 [7" (20) 7(20)] /2
works. O

LEMMA 2.2.2. Let 0 € Q, T € Br(f?) and 0 < r < R(T,0). Let ~ be the
holomorphic frame of Er as defined in the lemma above. Then there is an or-
thonormal basis {egk): 720, 1< k< n} (e def (eﬁl),e§2),...,e§"))) such that
v(2) = e + Z;’;l e;Bj(z), where the Bj(z)’s are n x n matrices of analytic func-
tions on |z| < R(T,0). Moreover, if ||B,]||2 def supy, <, [T7(B;(2)B;(2))], then
E321 1BlIF < +oo.

PROOF. Notice that {(9¥v/82%)(0)}%2, is a linearly independent set spanning
H (see [C-D,1, §1]). Also v(0) L (8%~v/dz*)(0) for all k > 1 and ~(0) is an
orthonormal set.

We shall show that Gram-Schmidt orthonormalization {e;}$2, of the set
{(8%~/82%)(0)}22, is a right choice of our orthonormal basis.

Let H; = span{(8*~/3z%)(0): 0 < k < j} for each j > 0.

Let eo = (0) and, for each 7 > 1, let ¢; = (egl), .. .,eg.")) be an orthonormal
basis of H; © H;_;.
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Thus {e;l): 1<1<n,57=0,1,2,...} is an orthonormal basis of H and for each

k > 1 we have
1 [ 8* k
o (ﬁﬁ) (0) =Y ecdix,
=1

where A;x is an n X n constant matrix.

Now y(z) = 3272 (30]_ €i4ij)2’ +eo on |2| < R(T,0) and 3°72, Ay;27 = ef~(2)
is convergent in M(n, C).

Let 3°72, Ai;2? = 2*Ai(2) = Bi(2). Then

[e ]
z)=¢€y+ Ze,B,-(z) for |z] < R(T,0).

For A € M(n,C), write ||A||2 = tr(A*A).
Assume 0 <7 < 6 < R(T,0) and |[|y(2)|| = 3272, |2*Ai(2)[]* < M for |2] < 6.
By the maximum principle, on |z| < §, we have

|16 Ai(2)]|? < ﬂlp lls*Ai(¢)I1? < Islup VI < M.
sl=6 ¢l=6
Thus

_ |
SIBIE=Y sup [l2* A2l < > up ls* ()l (5)"
1=1 =7

zlz <r zlz
r\2¢
SMZ(E) < +400. O
1=1

Our next lemma is a generalization of Lemma 1.1.1.

If A€ H°Q@M(n,C), let ||A|% def [|tr A* A]|oo- It is easy to see ||T4|| < ||Alloos
where T4 is the matrix analytic Toeplitz operator acting on H> ® C" = H (as row
vectors).

Now, if {Fi}2, is a sequence of n x n matrices, each of them having all entries
in H, with %% | ||Fi||%, < 0o, then ¢: H — H® H @ - defined by

foseTpfeTrf&:
is clearly a bounded linear and bounded below mapping; denote its range by R.

LEMMA 2.2.3. Ifg € H® OQC let Sg(g) denote (Tygy, ® Tygr, ® )k

Then Sr(9) = (Tygr, + K) ~ Tyer,, where K 1s a compact operator.

PROOF. The operator Sg(g) is similar to T,g, via ¢. By [BDF], it suffices to

show Sg(g) is essentially normal. Let P be the orthogonal projection of HeHo- -
onto R, then

(Sr(9))*(8(f)) = P{Tyer.(f) ® (Tyer, o Tr, (/) © (Tyer, © Tr, (/) @ -+ }
= ¢(Tyer.(f)) + POS Li(f) © L2(f) & ---),

where L; = [Tye1,, Tf,] which is compact.
Notice that ||L; | < 2llglloo o 1Fylloos 5 > 1.
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Denote the bounded linear mapping f — 0&® L1(f) ® L2(f) ®--- by 0 L1 &
Ly (Hinto HoH®---).
Set Koo =Po (0O L, ®Ly®---)o ¢! and set

Ki=Po(0®L1® - ®L;_10L; ®000&---)op™ .

Then K; is compact and K; — Ko follows from

(Koo — K;)$(NII* < Z k()13 <{4llgll2 (Z IIFkllﬁo)}OIIfII2~
k

k=j+1 =j+1

Therefore K, is compact.
Finally, using (Sr(9))* (6(f)) = ¢(Tyer1.(f)) + Koo (¢(f)), we can directly check

[SR( ) (SR ] =¢o [ g®I,.’Tg®In] °¢_1 + [SR(g)vKOO]‘ 0
Now, we are ready to prove the main result of this section.

THEOREM 2.2.4. For any T € B,(Q) (where ) is a component of C — 0.(T))
and 20 € Q, let 0 < r < R(T, 20) and g(z) = 29 + rz. Then

Tg‘*T (Tyor, + K) ~Tyer,
where K 18 a compact operator.

PROOF. Without loss of generality, we assume 2o = 0 € (2. Let 7(2), {B;(2)}$2,
be as in Lemma 2.2.2, and write B;(z) = B;(Z). Then by Lemma 2.2.2, the linear
mapping

¢: f - f®T310g(f) @ngog(f) e

is bounded and clearly bounded below. Let Ry = range(¢) and
Srr(9) = (Tyer, ® Tyer, ® - )|Re-

By Lemma 2.2.3, the theorem will be true once we show Sg.(g9) = Ty * T.
This last equivalence is achieved by the holomorphic isometric bundle map from
Esg,.(9) to Ersur (both over the disk D)

[kg(z) ® In] ® B1(2)kg(z) ® B2(2)kg(z) ® -+ — kg(z) ® ()

where G(z) = g~1(2) and k.(&) = 1/(1 —€2) is the reproducing kernel of the Hardy
space. O

COROLLARY 2.2.5. Ifzo=0andT, (), g, r are all as above, then ||T,; +T|| =
ITg Il =r.

PROOF. By Definition 2.2.1, ||T, * T'|| < ||T*|| = r; also by Weyl’s theorem
about the spectrum of a compact perturbation (see [H]),

I Toer, + Kl =rl|Te01, + K/r|| 2 7. O
COROLLARY 2.2.6. Ifzo =0 and T € B,(0), R(T,0) > 1, then

( 2Q1I, +K) z®1,,

where K 18 a compact operator.
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DEFINITION 2.2.3. Let J be the set of Cowen-Douglas operators T with 0 €
C—0.(T) and R(T,0) > 1. Then we define the transformation ¢: J — (s>, Bn(D)
by $(T) =T * T.

What is this transformation good for? In addition to Corollaries 2.2.5, 2.2.6, we
have “Ty and T, are equivalent to order k < 9(T1) and ¥(T:) are equivalent to
order k (in particular, T} = Ty & ¥(Th) = ¥(T2)),” “T and ¢(T) have the same
reducibility.” Some other properties of this transformation were discussed in [L].

Before we studied the transformation, we had the Fourier and Laplace transfor-
mations in mind. But it turns out the flavor is quite different. Further modification
of the transformation or a new way of studying this transformation is expected.

2.3. The square transformation induced by geometric tensor product.

DEFINITION 2.3.1. We define the square transformation I': B;(2) — B;(Q) by
IN(T)=Tx*T.

THEOREM 2.3.1. IfTy,T; € B1(Q) and Ty ~ Ty, then I'(T}) ~ I'(T3).

PROOF. Let T, = Q™ !T,Q, where Q is an invertible operator. Then T, ® I =

Q@' HTNeNR®Q).
Notice that

H(T2) * H(T2) = (Q7' ® Q™ ') [H(T1) * H(T1)].

Now it is easy to check that the following diagram commutes:
H(Ty) « H(Ty) =25 H(Ty) « H(T,)
Q"®Q“T Q"@Q"I
T, Q1
H(Ty) » H(T) D25 H(T) « H(TY). O
Since the curvature of T is exactly one half of the curvature of I'(T'), so we have

THEOREM 2.3.2. IfT,,T; € B1(Q), then T} =T, & I'(Ty) = I'(T2).

THEOREM 2.3.3. If g € H*® and T; € B(Q), then I'(T;) = By, the corre-
sponding Toeplitz operator on the Bergman space.

PROOF. From Lemma 1.2.1, we know g: ¢~ !({2) — (2 is a conformal equivalence.
For By, if we repeat the proof of Lemma 1.2.1 word by word, it is easy to see
B; € B1(Q).

Let §,(€) = 7~ '(1 — €2)72 be the Bergman kernel. Recall B;(8,) = 9(2)B,, so
the mapping

b @k~ A (k€9

gives a holomorphic isometric bundle map from ET; «T; to E B;- O

It is well known that for each ¢ € C(clos(D)), Ty, and By are unitarily equiv-
alent up to compact perturbation (see [CO]). We pose a problem here (related to
Theorem 2.3.3):

Let v € C(S!) with harmonic extension b to D. If Ty € B1((1), do we have
[(Ty) = B;?

We hope this approach can lead to a rediscovery of the fact: B} is not unitarily
equivalent to any Toeplitz operator on Hardy space.
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